Problems on Principle of Mathematical Induction
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July, 2020
Prove the following statements for all n € N (set of all natural numbers) by Principle of Mathematical
Induction —
& 14243+ i An = @
b, 17+ 22 432 4 e 2 = HEDERED
2
. BB4+22433 4+ 13 = ("(”T”))

By Principle of Mathematical Induction prove that —

a Yrole(e+1) = w for all natural numbers n > 2

b. (1 — ziz) (1 — 3%) (1 — %) (1 - %) = % for all natural numbers n > 2

Problems on divisibility:

i Prove by Principle of Mathematical Induction that 22 — 1 is divisible by 3.

ii. Prove by Principle of Mathematical Induction that 52™*1 + 22"+1 js divisible by 7 for all
integersn = 0.

Prove that 2n + 1 < 2™ for all natural numbers n = 3 by Principle of Mathematical Induction.

Use the Principle of Mathematical Induction to verify that, for n any positive integer, 6™ — 1 is

divisible by 5.

Use Principle of Mathematical Induction to verify that, for n any positive integer, the sum of the

squares of the first 2n positive integers is given by the formula —

2n(2n+1)(4n+1) _ n(2n+1)(4n+1)
6 3 '

Let x # O be a real number such that x + x~* € Z. Prove thatforalln € Z, x" + x™ € Z.

12422432 4 v e v e+ (20)2% =

Let the polar representation of a non — zero complex number z = r(cos 6 + i sin 8) where r = |z| and
6 =arg(z) . Prove that z™ = r"(cos(nf) + isin(nf)),vn € Z by Principle of Mathematical
Induction.

RECURSION

Let ay = 0 and a,, = 2a,,_; + n whenever n > 1. Show that a,, = 2"*! —n — 2.

Let a,=0,a;, =landa,,, = i(arzl+1 +a, +2) whenever n >0 . Show that 0 <a, <1 for
integersn = 0.

Leta, = 1and a, = Y1} a;. Prove that for all n > 1, we have a, = 2" 1.

Define the sequence a = {a,,} as follows —

a, = 2,a, =5a,_,,Yn = 2. Write down the first four terms of the sequence and by Principle of
Mathematical Induction prove that a,, = 2.5™~ for all natural numbers.

The distributive law from algebra says that, for all real numbers c, a,, a, we have c(a; + a;) = ca, +
ca,. Use this law and Principle of Mathematical Induction prove that for all natural numbers n > 2, if
C,Aq, Ay, v eee e eeeo, Ay Are any real numbers, then c.(a; +a, +az + oo +ay) = caq +

c.ay+c.az+ -t Coay.
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Problems on Principle of Mathematical Induction

14. Prove by Principle of Mathematical Induction that for all natural numbers n, sina + sin(a + 8) +

. n-1 . np

sinf@+28)+ oo e v ve et sin(fa + (n—1)B) = w
sin—-
2

15. Consider the sequence of real numbers defined by the recursive relations —

x; = 1,and x, = \/(1 + 2x,,_,), for natural numbers n > 2. Use Principle of Mathematical Induction
to show that x,, < 4, for all natural numbers n > 1.

16. Letp, = 1,p; = cos @ (6 is some fixed constant) and p,,1 = 2p1Pn — Pn_1, Y1 = 1. Use an extended
Principle of Mathematical Induction to show that p,, = cos(n@) for alln > 0.

17. Consider the famous Fibonacci sequence x = {x,,}, defined by the relations x; = 1,x, = 1 and x,, =
Xp_q + X,_,, for all natural numbers n > 3.
a. Compute x,4.

1

n n
b. Use an extended Principle of Mathematical Induction to prove that x, = E{(%E) - (1_2—‘/5) }

foralln > 1.
18. Let a; =1,a, =8anda, =a,_; +2.a,_, whenever n> 2. Using Principle of Mathematical
Induction to show that foralln > 1,a,, = 3.2" 1t + 2. (—1)™.

19. Define the matrix A below and show the formula for A™:

_ 11 _ fn+1 fn H H
A= (1 0),A” = (fn fn-1)' where (f;) are the Fibonacci numbers.

20. Prove the Binomial theorem by Principle of Mathematical Induction. This states that for all n > 1,

G+ )" = Eroo(a" Ty
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