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1. Show that lim𝑥→0
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 does not exist. 
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3. Show that the function 𝑓 𝑥 = 𝑥
𝑒
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 , 𝑥 ≠ 0 & 𝑓 0 = 0 is continuous at 0. 

4. Show that the function 𝑓 𝑥 =
𝑒

1

𝑥2

1−𝑒
1

𝑥2

, 𝑥 ≠ 0 & 𝑓 0 = 0 is discontinuous at 0. 

5. Let 𝑓 𝑥 = 𝑥,−1 ≤ 𝑥 ≤ 1 & 𝑓 𝑥 + 2 = 𝑓 𝑥  ∀ 𝑥 ∈ ℝ. Show that f is discontinuous at 

every odd integer. 

6. Suppose the function 𝑓:ℝ → ℝ has limit L at 0 and 𝑎 > 0. If 𝑔: ℝ → ℝ is defined by 

𝑔 𝑥 = 𝑓 𝑎𝑥 , 𝑥 ∈  ℝ, show that lim𝑥→0 𝑔 𝑥 = 𝐿. 
7. Let 𝑐 ∈ ℝ & 𝑓: ℝ → ℝ 𝑠. 𝑡. lim𝑥→𝑐(𝑓 𝑥 )2 = 𝐿. Show that if L=0 then lim𝑥→𝑐 𝑓 𝑥 = 0. 

Show by an example that if 𝐿 ≠ 0 then f may have no limit at c. 

8. Let h: ℝ → ℝ be continuous on ℝ such that 𝑕  
𝑚

2𝑛 = 0 ∀ 𝑚 ∈ ℤ , 𝑛 ∈ ℕ. Show that 

𝑕 𝑥 = 0 ∀ 𝑥 ∈ ℝ. 

9. 𝑓:ℝ → ℝ such that 𝑓  
𝑥+𝑦

2
 =

1

2
 𝑓 𝑥 + 𝑓 𝑦   ∀ 𝑥, 𝑦 ∈ ℝ. Show that 𝑓 𝑥 = 𝑘𝑥 + 𝑎, 

for some k and a. 

10. Let a,b >1 and let f be a bounded function on [0,1] such that f(ax)=bf(x) 0 ≤ 𝑥 ≤
1

𝑎
. 

Show that f is continuous at 0. 

11. 𝑓:ℝ → ℝ be continuous and periodic with period 1. Show that (i) f is bounded above and 

below and achieves its maximum and minimum (ii) ∃ 𝑥0 ∈ ℝ such that 𝑓 𝑥0 + 𝜋 =
𝑓(𝑥0) (iii) f is uniformly continuous on ℝ . 

12. Assume that 𝑓:ℝ → ℝ satisfies 𝑓 𝑓 𝑥  = −𝑥 ∀ 𝑥 ∈ ℝ. Show that f can’t be continuous 

on ℝ 

13. Let 𝑓: [𝑎, 𝑏] → ℝ be continuous in [a,b], differentiable on (a,b). Show that ∃ 𝜃 ∈ (𝑎, 𝑏) 

such that 
𝑓/(𝜃)

𝑓(𝜃)
=

1

𝑎−𝜃
+

1

𝑏−𝜃
. 

14. Show that the equation 𝑥 ln 𝑥 = 3 − 𝑥 has at least one root in (1,3). 

15. Let f be differentiable  on ℝ with 𝑎 = sup⁡{|𝑓/ 𝑥 |: 𝑥 ∈ ℝ}  < 1 . Select 𝑠0 ∈ ℝ and 

define 𝑠𝑛 = 𝑓 𝑠𝑛−1 , 𝑛 ≥ 1. Prove that {𝑠𝑛} is a convergent sequence. 
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