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The figures in the right-hand margin indicate full marks.

Candidates are required to give their answers in their
own words as far as practicable.

Nlustrate the answers wherever necessary.

Group Theory—I
Unit—I
1. Answer any two questions : 2%x2
(a) 'Is the set R* of all non-zero real numbers a group with

respect to the operations o defined by a b =|a|b for

all aq,beR*? Justify your answer.

(Turn Quer)



(b) Let (G,*) be a group of even order. Show that there

exists g e G show that g = ea’=e.

(c) Let (G, o) be a group. Define a mapping f:G—->G by

flx)=x",xeG. Prove that fis a bijection.
2. Answer any one question : 1x5

(a) Show that the set of six transformations fis fos fa fas

fs and f; on the set of complex numbers defined by
1 z 1

z) = z, = =— =1-2z; f4lz =—) Z) =

fil)=2.f; = (0)= . f3(2) fale) = 2= fsla)=+—

z-1
and fe[z)=*z—forms a finite non-Abelian group of
order 6 with respect to the composition of mapping.

(b) Construct the dihedral group D, from the symmetries

of a square, Show that the order of it is 8.

Unit—II
3. Answer any fwo questions : 2x2

(a) A non-Abelian group have an Abéiian subgroup.

Justify the statement with example.
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@) In a group (G,),(ah)’ =a’b’va,beG. Show that-

Hz{ e :XEG} is a subgroup of G.

(c) Let (G, o) be a group and H, K are subgroups of (G, o).
Then show that HnKis a subgroup of (G, o)
4. Answer any tfwo questions : 2x5

(a) Prove that H is a subgroup of Z;,

(b) Let H, K be subgroups of a group G. Prove that set HK
is a subgroup of G iff HK = KH.

where HK={hK:hEHandkEK}
kH:{Kh:keKandheH}

(c) Let H be a subgroup of a group G and @€ G . Define
normalizer of a in G and centralizer of H in G. Show
that centralizer of H and normalizer of H in G are not

same. Justify your answer with example.
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Unit—III
5. Answer any two questions : 2x2

(a) Let G be a finite group, A and B be two subgroups of
G such that Ac Bc G. Prove that,

[G: Al=[G: B][B: A]

(b) Show that a cyclic group with only one generator can

have at most two elements.

(c) Determine all distinct left cosets of A; in Sj.

6. Answer any one guestion : 1x10

(a) (i) Let H be a subgroup of a group G. Then show that
the set of all distinct left cosets of H in G have

the same cardinality.

(i) Show that the number of even permutation of a
finite set (containing at least two elements) is
equal to the number of odd permutation on it.

5+5

(b) Prove that, a finite group of order nis cyclic if and only
if it has an element of order n. Also prove that every

subgroup of a cyclic group is cyclic. 55
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Unit—IV

7. Answer any two questions : 2x2

a b -
(a) Let G :{[D ]:a,b,c are real and ac # O}be a group
c
under matrix multiplication. Show that
1 ¢ : :
N = 0 i . ¢ is a real number | is a normal subgroup

of G.

(b) If H be a subgroup of a commutative group G then

show that G/H is commutative.

(c) Show that if p is a prime number, then any group G

of order 2p has a normal subgroup of order p.
8. Answer any one question : 1x10

(a) Define centre Z(G) of a group G. Prove that Z(G) is a

normal subgroup of (G, o). Also prove that mn=nm

vme M and ne N,where M and N are two normal

subgroups of a group G. Show that M N N = le}, ebeing

the identity element in G. 2+4+4
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(b) State and prove Cauchy’s theorem for finite Abelian

groups. 2+8
Unit—V

9. Answer any fwo questions : 2x2

(@) Define f:(S,9) > ({1,-1},%) by

(b)

(©)

fla)=1, if & is an even permutation in S,
=-1, if @ is an odd permutation in S,.

Show that fis homomorphism from (S;, ¢) to ({1,~1},e),

o is the composition of mapping.

Show that Ker ¢ (Kernel of homomorphism ¢) from .

(G,0) to (G, *) is a normal subgroup of G.
Let GL(2, R) be the group of non-singular real

matrices under multiplication, R* be the group of non-

zero reals under multiplication and a function

a b
F:GL(2,R)— R’ is defined by fﬂ:c d]}zad—bc_

Show that fis a homomorphism.
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10. Answer any one question : 1x5

(a) Prove that every finite group G is isomorphic to a

permutation group. 5

(b) If H and K are two normal subgroup of G such that

G_G/H

H < K , then show that = :
A K K/H

5
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